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The steady state tempera ture  field in a turbulent channel flow is computed analytically taking 
into considerat ion the heat re leased f rom the dissipation of vor t ices  and absorbed in the work 
by the p res su re  forces .  The turbulent thermal  conductivity is represented by a piecewise 
l inear function of the t r ansve r se  coordinate.  

1. The tempera ture  distribution in a two-dimensional channel with turbulent flow of the fluid has been 
investigated in detail for  s teady-sta te  temperature  profi les both for  the tempera ture  specified at the walls 
and for the heat re leasing walls (for example, see [1]). However, apparently there have not been any in- 
vestigations for  determining the tempera ture  taking into consideration the heat re leased f rom the internal 
fr ict ion in the gas and absorbed in the work by the pre s sure force  s. The object of the pre sent work was to de- 
termine the s teady-state  tempera ture  field in a channel with heat re leasing walls analytically taking this 
phenomenon into consideration. The thermophysical  constants are  assumed to be independent of t e m p e r a -  
ture and the velocity is taken to be the average velocity over  the t r ansver se  c r o s s  sect ion of the channel. 
The turbulent thermal  conductivity k T is approximated by two straight lines [2, 3]: 

/<_~ I :/~/elv i = 1 -!- lo(1 --~) for ~0 <<2 <~ 1; (1.1) 

K = K,, = 1 -',- 10(1 --~,,) for 0 < ~  ~,,. (1.2) 

In the immediate vicinity of the wall this distribution resul ts  in an enhanced total thermal  conductivity, 
since there 

However, this does not distort  the tempera ture  profile significantly, since at the wall itself molecular  t he r -  
mal conductivity predominates.  

Using dimensionless quantities the heat conduction equation can be written in the following form taking 
into consideration the heat f rom the internal fr ict ion and the heat absorbed in the work by the p res su re  
forces :  

- ,9~} 0 K Or} 

u O-r - O~ -OT -< ~I~ (~)" (1.3) 

The boundary conditions at the entrance and at the walls, and the conditions of symmetry are the following: 

-- I for �9 = 0, (1.4) 

0~/0~ : - - g  for ~ = 1, (1.5) 

0~/0~ : 0 for ~ : 0. 
(1.6) 

The matching conditions at ~ = ~0 are  

a~ 1 = 82, 001/0 ~ = 0t%~/~. (1.7) 

Here and below the tempera ture  for the segment 0 _< ~ _< ~0 is denoted by ~I and the tempera ture  for  the 
segment ~ 0 -< ~ -< 1 by ~ .  
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We take Lap lace  t r a n s f o r m  of (1.3) tak ing  (1.1), 

whe re  

(1.2) into cons ide ra t ion :  

u ( p 0 ~ .  1) = Kod~6~/d~ ~ - -  p - a ,  (~), 

(~ - -  1 - -  l o  ~) d ~ 2 / d ~  ~ -~ d t~ /d~  @ u p l o ' ~  = h (~), 

h (g) = h)6 -~ + q, (g) (plo) -a.. 

(1.8) 

(1.9) 

(1.10) 

Equat ion (1.9) is a Bes se l  type  equat ion and fo r  h = 0 it has  the fol lowing solut ion [4] 

G (~) - -  Zo (y (~)) - -  A J  o qj) + B Y  o (y), 

where  

Y(~) = 2[u~x/0-~ (1 "v- lo-~ - -  ~.] ) "~ a =.-~ - -  p. 

Knowing any homogeneous  solut ion the p a r t i c u l a r  solut ion can be found [4]. 
f o r m  

(1.11) 

The comple te  solut ion is of the 

O~ AJo (Y) @ B Y o  (Y) -i % . ,  E-~(p7 ~" % (~ ) (~') 

where  

E = ~  - -  1 - -  l~ -1, 

We subjec t  (1.12) to  the condi t ion at the wall (1.5): 

% = ]o (~J @). 

io ~~ ~o 

(1.12) 

( 1 . 1 3 )  

(1.14) 

Under  the condit ion of s y m m e t r y  (1.6) the solut ion of  (1.8) is 

where  

0 0 

E,, = E G ) ,  % = cos (.~.0yg/~0). 

The ma tch ing  condi t ions  (1.7) a r e  fo rmu la t ed  taking (1.12), (1.15) into cons ide ra t ion .  E l imina t ing  c o -  
eff ic ient  C f r o m  these  we obtain toge the r  with (1.14) a s y s t e m  fo r  de t e rmin ing  the coef f i c ien t s  A and B; the 
solut ion of th is  s y s t e m  is 

A = a -1 {fl [ G  (Yo) cos ~oYo -i- Yo (Yo) sin ZoYo] - -  f~G (Y~)}, 
(1.16) 

B = A -a {--f~ [S~ (yo) cos ~~ + 4 (90) sin XoYo] + fj~ (a)}. 

Here  we have used  the fol lowing nota t ions :  

A = J~ (Ya) [Y, (Yo) cos koy o + Yo (Yo) sin ZoYol - -  Ya (Yl) [Jt (Yo) cos ~'o~'o @ Jo (go) sin ~-,Yo], 

I I ~ ( i . 1 7 )  

J~ = - -  2 ;~ -1 t" %,~d~, y,. = y 0 ) ,  .~o = .Y (;o'~, 7.~ -- s ~ -  ~o (1 § z ~ ' - - ~ o )  -1. ( 1 . 1 8 )  

In o r d e r  to obtain the t e m p e r a t u r e  $(% r we find the i nve r se  t r a n s f o r m  of (1.12), (1.15). In p a r t i c u -  
la r ,  f o r  de t e rmin ing  the s t e a d y - s t a t e  t e m p e r a t u r e  f ield it is n e c e s s a r y  to have the expans ion  of the obtained 
solut ion in the ne ighborhood  of a = 0. Since the funct ion $*(a) has  a pole of mul t ip l ic i ty  1 and 2 at a = 0, 
in the expans ion  of A(a)  it is  suff ic ient  to c o n s i d e r  t e r m s  0(1) and 0(a).  The expans ion  of A gives  

~A = A o _I_ Bocr + O (a2), (1.19) 

where  

A o = lob~ -1, Bol~/ tT--  2b o [(i + 2Lo)lnb 0 . ~0 q- )~] -7 1/2bo 
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--2ba/2( 14 r' 32 Xao+s bo=(l+lo__lo~o)l/=. (1.20) 

The use  of the two n e c e s s a r y  condi t ions  [1) f o r  ze ro  s o u r c e s  (g = $ = 0) we m u s t  have  ~a* = _ a - l ;  1 
2) t e r m s  conta in ing h 0 = --r o have  only f i r s t  o r d e r  po les  at  a = 0, s ince  5 td~ = 0] g ive s  the d e s i r e d  e x -  

0 
pans ion  of the solut ion ~*(oz, ~). Tak ing  the i n v e r s e  t r a n s f o r m  in th i s  expans ion  we obtain the a s y m p t o t i c  

t e m p e r a t u r e  d i s t r ibu t ion  ,.~ fo r  r ~ co a f t e r  comput ing  the  r e s i d u e s  at  the point  p = 0 (p rac t i ca l ly  f o r  
r -> 0.005): 

1 
1 00 ( / ~ )  ( S / 1 - / ~  

- -  ~ �9 _ _  i 1 +  j l  1 - - g  -z ~Pd~ In _~ { - B ,  
g u l o , / 1 + 1o --~o " 

~0 

~--~o g-ll~-~ C E-1 ( S ,d~, ) d~_ g-ll~-~ ~ E-Z (.t' ,d~, ) d ~ (1.21) 

1 ~o i ~o 
--(l + lo-l)~obo2g-l ~ *d~ + l~2g-lln(l+lo--~to) j',d~ + g-l ( lol 5 ~*d~-- j" ~2*d~/2b~o ) , 

~o 0 ~o 0 

where  

B 1 = - ~ -  lo -j- 2l~ -2 (1 + l~ -~) [lnb o + ~o (1 + ivo) (1 + 2t~o)- q 

--(l + la-U~)~l~-~(l + 2~s) -~ + 2 ~ o ( I + ~ o ) + ~ - X o  -~.- t~o~l~ ~. 

The solut ion depends  on the p a r a m e t e r s  ~0, 10, and the funct ion ~.g-1. 

The coef f ic ien t  C is  d e t e r m i n e d  f r o m  the m a t c h i n g  condi t ions  and the t e m p e r a t u r e  in the t r a n s f o r m e d  

plane  ,~* b e c o m e s  
~. ~ 

0; = Z o (go)% (~)/% (~o) -  % (~)E~-' J" ~pr 2 ( f  %hd~') d~. (1.22) 
0 

Us ing  the expmasion of . ~  we find the r e q u i r e d  expans ion  of funct ion (1.22): 

~ 0 

Hence  we obtain  

1 - -  0 ~ 1 - -  @o (,, ~o) ~ _ ~2 ~o 

g g 2b~ --(gb~)-lJ '  (SlPd~')d~" (1.24) 
0 

2. In solu t ion  (1.21), (1,22) le t  us  in t roduce  the expl ic i t  dependence  of funct ion ~ on the coo rd ina t e  

q~ (~) -- kM(T, _ To) _u Ox + pvT ~, Oy ] ]" (2.1) 

A s s u m i n g  tha t  the r a t e  of p roduc t ion  of the tu rbu len t  e n e r g y  is  equal  to  the r a t e  of i t s  d i s s ipa t ion  into 
hea t  and a l so  tha t  the  ve loc i ty  u has  a p o w e r  law dependence  u = U m (  - - ~  , we d e t e r m i n e  the tu rbu len t  
v i s c o s i t y  f r o m  the f o r m u l a  [2] UT= --hu2,~/umdff/d~; then mak ing  use  of the f o r m u l a  - - d P / d x  = T0 h-1 -- pu 2 
/h ,  whe re  the dynamic  ve loc i ty  u ,  = UmV~8--~l  + 3 . 7 5 ~ k - ~ ,  we obta in  

~n-Z ~ (2.2) * = % ( 1  - -  ~)!/~ ( 1 - -  
\ 

H e r e  

e~ = (Y - -  1) 0o'M~Re Pr (~/8)/(t 4- 3.75 1" 1~-78) 2. (2.3) 

424 



t-.~ 
g 
t,71 ' 

tA 

I 

Fig.  1. Dis t r ibu t ion  of d i m e n s i o n -  
l e s s  t e m p e r a t u r e  in the channel  f o r  
~/u = 1, l 0 = 400, n = 7, ~o = 0.75 
for different values of the parame- 
ters g0/g and 61 Dashes, 5 = 0; con- 
tinuous curve, 0.005; dash-dots, 

0.0025. 

F o r  B la s iu s '  law of f r i c t ion  

e~ = 0023 (7 - -  I) Oo 1Pr I~e 3/4. (2.4) 

The e x p r e s s i o n  fo r  ~b (2.2) s a t i s f i e s  the condi t ion 

l 

,t" q:d~ -- 0. (2.5) 
0 

A c o m p a r i s o n  with L a u f e r ' s  e x p e r i m e n t s  (see [2]) showed that  
the p roduc t ion  of tu rbu len t  ene rgy ,  given by the second t e r m  in 
(2.2), c o r r e s p o n d s  to the e x p e r i m e n t a l  data e v e r y w h e r e  except  
in the i m m e d i a t e  v ic in i ty  of the wall  (y+ < 5; ~ > 1--6). 

We e x p r e s s  cons tan t  l 0 in t e r m s  of the flow p a r a m e t e r s .  
L e t u s  put ~o 0 = VT/u,h,  P r  T = ~p~Tk~? 1, P r  = Cp~]Mk ~ .  Hence 

T / k M  = K--1  = 90u .hv  - P r P r ~ .  E x p r e s s i n g  the dynamic  v e l o c -  
ity in t e r m s  of the f r i c t ion  coe f f i cmnt  cons ide r i ng  the adopted 
approx ima t ion  ~o 0 = e00(1--~), where  e00 = 0.07(1--~0) -~, and c o m -  
pa r ing  with (1.1) we obtain 

lo = %0 Re Pr Pr; -~ ]/-~--~-(1 + 3,75V~-Tg)-L (2.6) 

F r o m  the c o m p a r i s o n  of gT and 1 o we obtain ET = eoko/o, where  
go = 0odMg(T--1)PrT, ko = q~X-/ge[ol( 1 + 3.75g-fTg)-L 

Subst i tut ing funct ion ~ (2.2) into solut ion (1.21), (1.24)we get  

g g 2 (lo + t - -  ~oto) 

H e r e  

~0ko n I ~)I+,,-~( 1 
g ( l  --~ E - ~  ~o) (t - - -  n @  1 

i - G  �9 1 

g u l o 

1 
2n--: 1 --(1--,~o) l+'~* , m - . l  

1 In 1 +15 - ~ - ~  ? B1 
- - - -  , 1 + l~- 1 + I ~  - l - ~ o  

~'oko [ (2X~ - -  1) E o~ (1 ~r,f: ~I+'z-~-L, I, (~) -- l~-!I~ (i) 
g lo 

+ 2lo -i k ~  o (1 - -  ~o)l/,, _)_ ( 1 n + 1 
\ n - - I  2 n + l  

1- o)1 - - - -  2 n + l  ' (2 .7)  

o ,,+,-, 1 (1 + l; -~ --~o)-~I~] (I--~o) ( 1 - - ~ o )  - - ~ -  j 

g 

_ _  ~ l / n d ~ .  * =  "i1/n 

b 

x [oF~(1, --n-~, 1--n-~,  ~i-') - -  J ~ ~  J ~ ( l  - -  i 
k " n +  1 ' " 

z'[') ] - -n( l - -~) ' / ' I~Fl(1  , - - n  -I, l__n-,, z-~)__l--~ F~(1, _ l _ n - ~ , - - n - i ,  z-~)] 
n +  1 

(2.8) 

(2.9) 

whe re  z = --I0(1--~), z 1 = -- l  0(1--~0), 2F1 iS h y p e r g e o m e t r i c  funct ion.  Expanding (2.9) in power s  of z~ ~, z -1, 
f o r  Iz[ > 5 we obtain 

xUn _ _  (1 - -  ~ ) l / n ]  _ _  tl, _ _  ~ ~ I q - n "  I i = n (1 + l; -1) [(1 - -  ~o, 1 q- n [(1 ~oi 

- -  (1 - -  g)~+~"l  + n [(1 - -  G)  - ' + ~ - '  - -  (1 - -  ;)  ] 
to (n --1) 

( 1 1 - - ~ )  + 0(zi_2, z_3)" -k nIo -2 (1 - -  ~)-2+n-, 2n - -  1 n 

F o r  Izl s 5 we can use  the r e p r e s e n t a t i o n  of the second t e r m  in (2.9) in t e r m s  of z. 

(2.10) 
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Next 

- t ' ~ r  ~ 2 2 n + 3  + n + l  + ( l - - G o )  TM Io = e7 -I 
" . n @ l  2 n +  1 3n-lr 1 " 

o : . (2.115 
" [ n + 3  . 2 n + 3  ( I~Go)  + _ n + l  ( I - - G o )  ~].  

- -  (I G~ L n -4- 1 2n -t- 1 - �9 3n -4- 1 

3. The funct ion r (2.2) u sed  in Sec. 2 l e ads  to un rea l  l a rge  v a l u e s  of I~1 a t  the wall  g iving o v e r e s -  
t i m a t e d  value  of the t e m p e r a t u r e .  In o r d e r  tha t  r c o r r e s p o n d  to the  e x p e r i m e n t a l  data  in the en t i r e  r ange  
0 _< ~ - i and sa t i s fy  condi t ion (2.5) we take  

Gn-:~ for 0 - . < G < I - - &  (3.1) ~ p = ~ ( 1 - - G )  TM A - -  I - - G /  

, = 0 for 1 - -  6 ~ G ~ 1, (3.2) 

whe re  
A = ( 1  + n-~)(1 --61/") (1 61+n")-l--rt-i;  A ~  1. 

The d i m e n s i o n l e s s  coo rd ina t e  6 c o r r e s p o n d s  to the u n i v e r s a l  coo rd ina t e  y+ = 5 : 5  = 5Pre00/ /0I) rT . 

We m a k e  u s e  of (3.1), (3.2) f o r  eva lua t ing  the i n t e g r a l s  in (1.21): 
] 
S l~dG = ~'r [ 61/n (1 - -  ~16) - -  (1 - -  ~0)  TM (1 - -  ~1  ( I  - -  Go))], 
~o 

1 

s~ (1) = - J e -~  (J ,aG')  eG = s~ (1 - 6) + ~ ,  ~6 TM (1 + p,6) - (~ - Go5 TM (1 + p~Go- ~5~ ~n (1 + 6~o) 
b b 

g. 
" ( 6 

\ 1 - - g o /  J 
0 

An+l (1--~o) 1 
2 n + l  k, l ' G o ]  ] 

j" ~Z*dG = eT { An3n ++11 2An2n-~-+ ~ Ann :_ l,4- 3 1 -7-1 ( I -  ~0)1/n 

0 

__ (1 __r~ ,l+,r~ [ A n _ + _ 3 ~ o f .  (1 - -G~ 3) -+ {1--  ~~ (An + 1 ) 3 n  I ]}  
[ n + 3 2n @ 1 -P 

Ia (G) = ~r  (1 - -  ~o) TM (1 --- ~x+ go~:) In 1 + lY:  - -  G . ~ , l a  (~), 
(~<1-6) 1 + 13 -I --Go : 

I ,  (~) = n [(1 - -  Go) TM - -  (1 - -  ~)t/"] - -  n ~ l  [(1 - -  go) ~+"' - -  ( 1  " G )  l+~''] 
(/zl>,5) 

�9 - -  n (1 - -  Go) TM z] -1 [ (n - -  1) - 1  -1- ~: (1 - -  go)] § n (1 - -  g)*l"z - i  [ (n  - -  1) - i  

z ,  + IB 1 (1 - -  g)] § z-~n (t - -  G). TM 2n - -  1 n 

= 82 (~, ~o) -r 2 b2o 

F o r  0 <- ~ -< ~o 

+ n 
1 + n [ (1  - g o ) : +  ~- '  - (i - -  g)~+~-'] 

~ok0(1 + l o  ~ ~ o ) - ~ { ( 1 - ~ O ( ~ o - ~ )  

n ~  [(1 - -  ~o52+ ~~ - -  (1 ~)2+~-'1 }. 
2 n +  1 

4. F r o m  an a n a l y s i s  of the e x p r e s s i o n  (2.8) f o r  the  t e m p e r a t u r e  we note  tha t  the t e m p e r a t u r e  is  de -  
t e r m i n e d  ma in ly  by the t e r m  g0k0Ilg -1 with the f a c t o r  l~ 1 r emoved ;  I1(~) i n c r e a s e s  r ap id ly  as  the  wal l  is  
a p p r o a c h e d  (for ~ ~ 1 ) .  The index n is  e x p r e s s e d  [2 ] in  t e r m s  of the coef f i c ien t  of f r i c t i on  n = ~t -1/2, f r o m  
which we get  k 0 - n - I  f o r  ~0 = 0.75. 

The  r e s u l t s  of compu ta t i ons  c a r r i e d  out with f o r m u l a s  (2.7), (2.85 (5 = 05 f o r  l 0 = 400 (Re = 4.5" 104, 
p r / P r  T = 0.75), ~0 = 0.75, 001= 4, n = 7, g0g - 1 =  0, 1/2,  1, 2, 5, a r e  shown in Fig .  1. The t e m p e r a t u r e  
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increases  appreciably at the wall and fails off in the central  part  of the channel compared to the case ~og -1 
= 0. The assumed thermal  conductivity (1.1) resul ts  in a logari thmic dependence of the t empera tu re  near  
the wall for  ~b = 0. The t empera tu re  computed f rom the formulas  of Sec. 3 with the same values of the 
pa r ame te r s  and 6 = 0.005, 0.0025 are  also shown in the same figure. The values of the t empera tu re  near  
the wail a re  lower here.  

5. Let us determine the Nusselt  number  
1 

= __ ~o )--l . 

N u :  h (OT/Oy)h (T h - -  T,, )-~ g ( ~: '  - -  .I O~ 
o 

Substituting (1.21), (1.24) we o b t a i n  

, I 3 2 - 1  Nu = 21 o [(I + 21o I - -  t~ -2) lnb 0 - -  (1--- ~0) (5 --~0 n- 2/o I) -~ 2~olo/3bo] �9 (5.1) 

Computations f rom formula  (5) for p r  = 0.8, P r  T = 1, Re = 104-10 s gives values of Nu close to the exper i -  
mental values found f rom the formula  Nu = 0.021. Re~ 1/3 (higher than these by 5-10%). However, (5.1) 
does not give the experimental  dependence Nu ~ P r  1/3. In o rder  to obtain this dependence it is necessa ry  
to assume a nonlinear profi le  K(~) near  the wall. 

b 
Cp 
G 
2h 

Ji, Yi 
k M, kT 
P 
P 
T 

To, Tn 
U 

fi = U/Um; 
U m 

U ,  

X, y 
OX 
oy 
t~ = --p; 

= Cp/ev; 

~T = PUT 
P 

M~ 
P 

N O T A T I O N  

is the thickness of the thin wall of the channel thermal ly  insulated f rom outside; 
is the specific heat; 
is the power density of the heat sources  in the wails; 
is the width of the channel; 
a re  the Bessel  functions of the f i rs t  and second kind; 
are  the molecular  and turbulent thermal  conductivities; 
is the var iable  in the t r ans fo rmed  plane; 
is the p ressure ;  
is the t e m p e r a t u r e ;  
a re  the t empera tu res  at the entrance to the channel and in the nominal state {Tn> To); 
is the longitudinal flow velocity; 

is the maximum velocity; 
is the dynamic velocity; 
are  the Coordinates along and t r ansve r se  to the channel; 
is reckoned f rom the front  sect ion of the heated segment; 
is reckoned f rom the midpoint of the channel; 

is the coefficient of turbulent viscosi ty;  
is the kinematic viscosi ty;  
is the coefficient of fr ict ion (number Re occurr ing  in ~ is determined by the hydraulic 
d iameter  D = 4h); 
is the Mach number;  
is the density; 

g = Ghb/kM(Tn--To); 
= (Tn--T)/CYn--To); 

0 o = (Tn--To)T~ 1, ~ = y/h;  
= x / h P r  Re; 

Re = u m / h  w, 
h 

u = ~Um) -1Sudy; 
0 

y+ : u . (h--y) /~ ,  
f l i  = (An + l)(n + i) -I. 
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